Introduction {#Sec1}
============

Infectious diseases remain a serious medical burden all around the world with 15 million deaths per year estimated to be directly related to infectious diseases. The emergence of new diseases such as HIV/AIDS, the severe acute respiratory syndrome (SARS) and, most recently, the rise of Ebola, represent a few examples of the serious problems that the public health and medical science research need to address.

While for centuries mankind seemed helpless against these sudden epidemics, in recent time, our ability to control future epidemic outbreaks has been facilitated by the advances in modern science. The cures for a number of dangerous pathogens are available and can be developed and manufactured faster than ever before thanks to the genetic revolution new drugs to prevent and reduce the health consequences of new epidemics. The vaccine against new influenza A (H1N1) has been developed rapidly to be available only a few months after the beginning of the epidemic.

However, one challenge in disease control is the fact that one pathogen sometimes generates many strains with different spreading features, and hence a detailed investigation of multi-strain epidemic dynamics has great relevance \[[@CR1]--[@CR3]\]. For example, the human immunodeficiency virus (HIV) (which causes acquired immune deficiency syndrome (AIDS)) has many genetic varieties and can be divided into several distinct strains, such as strain HIV-1 and strain HIV-2 \[[@CR4]\]. On the other hand, one pathogen is always incorporated with other pathogens \[[@CR5]\]. The influenza A (H1N1) virus has the potential to develop into the first influenza pandemic of the twenty-first century \[[@CR6]\], and it is accompanied by seasonal influenza \[[@CR7]\].

In this paper, we establish a control-theoretic model to design disease control strategies through quarantine and immunization to mitigate the impact of epidemics on our society. Disease transmission in epidemics can be represented by dynamics on a graph where vertices denote individuals and an edge connecting a pair of vertices indicates an interaction between individuals. Due to a large population of people involved in the process of disease transmission, random graph models such as the small-world networks in \[[@CR8]\] or scale-free networks in \[[@CR9]\] are convenient to capture the heterogeneous patterns in the large-scale complex network.

We investigate two controlled multi-strain epidemic models for heterogeneous populations over a large complex network. One is the Susceptible-Infected-Recovered (SIR) epidemic process. The control is to quarantine a fraction of the infected nodes. Another model is the Susceptible-Infected-Susceptible (SIS) epidemic process. The control in this model is to provide treatment to the infected individuals, while treated individuals can become susceptible again to the infection of the disease.

The paper is organized as follows. Section [2](#Sec2){ref-type="sec"} presents the controlled SIR mathematical model. Section [3](#Sec3){ref-type="sec"}, using Pontryagin's minimum principle, defines the structure optimal control policies. Section [4](#Sec4){ref-type="sec"} presents the optimal control problem for controlled SIS model. Section [5](#Sec5){ref-type="sec"} focuses on the analysis of the optimal control of SIS model. Numerical examples will be presented in Sect. [6](#Sec6){ref-type="sec"}. Section [7](#Sec7){ref-type="sec"} concludes the paper and presents future research directions.

SIR Model for Two-Strain Viruses {#Sec2}
================================
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Optimal Control of SIR Model {#Sec3}
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Structure of Optimal Control {#Sec4}
============================

Based on previous research, e.g., \[[@CR13]--[@CR15]\], in this section, we show that an optimal control $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_k(t)=(u^1_k(t), u^2_k(t))$$\end{document}$ has the structure summarized in Proposition [1](#FPar1){ref-type="sec"}.

Proposition 1 {#FPar1}
-------------
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The construction of optimal controls for the structured population follows the Pontryagin's minimum principle \[[@CR13]\] and similar approaches used in \[[@CR14]\], \[[@CR15]\].

SIS Model with Two Virus Strains {#Sec5}
================================
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Then, to establish the optimal vaccination policy, we formulate the next proposition.
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To prove the proposition [2](#FPar4){ref-type="sec"}, we follow the same techniques as in \[[@CR13]--[@CR15]\].

Numerical Simulation {#Sec6}
====================
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For both experiments, we have that the shape of control curves is the same for each *k* and we have used the same class of functionals for SIR and SIS dynamic systems.

Conclusion {#Sec7}
==========

This paper has investigated the optimal control of two epidemic models of two co-existing virus strains for heterogeneous populations over a large complex network. We have obtained the structure of the optimal controller in the form of a threshold policy for a specific class of cost functions. Numerical examples have been used to corroborate the results. We would further explore the stability properties of the epidemic process under the optimal control.
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